The vortex-state complex Hall conductivity ( xy ) of superconducting YBa 2 Cu 3 O 7 epitaxial films is investigated from dc to radio frequencies ͑up to 7ϫ10 6 Hz͒, using a direct transport measurement technique. The experimental results are analyzed in terms of a model generalized from that for the dc Hall conductivity. This generalized model assumes that ͑1͒ the occurrence of sign reversal in the dc vortex-state Hall conductivity is the result of different carrier densities within and far away from the vortex core; ͑2͒ the Drude approximation is applicable; and ͑3͒ the anomalous sign reversal occurs in the flux-flow limit. We find that the temperature and frequency dependencies of our complex Hall conductivity data are in good agreement with our phenomenological model. In addition, when extended to higher frequencies, the same model provides consistent description for the complex Hall conductivity data at 100-800 GHz. Moreover, the magnetic-field ͑B͒ dependence of the complex Hall conductivity data reveals that both vortices ( 
I. INTRODUCTION
The anomalous sign reversal in the vortex-state Hall conductivity ( xy ) of extreme type-II superconductors is an outstanding issue that has attracted much attention. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] Although quantitative description for the microscopies of the vortex-state Hall conduction remains incomplete, several important facts have been established. First, the sign reversal is associated with intrinsic physical properties of type-II superconductors, 2, 3, [10] [11] [12] [13] [14] [15] and is independent of either random 4 or correlated disorder. 8, 12 Second, the occurrence of sign reversal in xy has been attributed to the nonuniform spatial distribution of carriers within and far outside the vortex core. [10] [11] [12] Third, the dc vortex-state Hall conductivity of superconducting cuprates is found to be strongly dependent on the doping level, showing anomalous sign reversal in the underdoped regime and no anomaly in the overdoped regime. 13 This important experimental finding suggests the relevance of the electronic structures within vortices to the Hall conductivity in the superconducting state, although the dependence of the sign of xy ͑Ref. 13͒ is opposite to the prediction based on the s-wave weak-coupling theory. 10, 11, 14, 15 Recent theoretical investigation of the electronic structure of vortices in high-temperature superconducting cuprates has revealed properties associated with the d-wave pairing symmetry, 16 which may lead to better understanding of the doping-level dependence. Fourth, the characteristic time associated with the vortex-state Hall conductivity of high-temperature superconductors has been estimated from both dc ͑Ref. 12͒ and microwave 17 measurements, and is found to be comparable to the quasiparticle lifetime. Despite increasing knowledge for the vortex-state Hall conductivity, most experimental results and the corresponding theoretical interpretation have only focused on the dc Hall effect, except the coherent time-domain spectroscopy measurements 7 of the complex Hall conductivity on a YBa 2 Cu 3 O 7Ϫ␦ epitaxial film at 100-800 GHz. The frequency and temperature dependence of the high-frequency Hall conductivity was analyzed in terms of a simple twofluid model, and the vortex-state Hall conductivity was entirely attributed to the contribution of quasiparticles. The latter conclusion contradicts experimental results obtained in the dc limit, where the vortex-state Hall conductivity is known to consist of contributions from both vortices and quasiparticles. 2, 5, 9, 12 It is therefore important to reconcile the difference between the high-frequency and dc measurements by investigating the complex Hall conductivity at intermediate frequencies.
In this work, we report experimental studies of the complex vortex-state Hall conductivity of YBa 2 Cu 3 O 7Ϫ␦ epitaxial thin films at frequencies from 10 2 to 10 7 Hz. Our experimental results indicate that in the anomalous sign-reversal regime of xy (ϭ xy Ј Ϫi xy Љ ), where xy Ј is the real part and xy Љ is the imaginary part, the frequency dependence of the complex Hall conductivity follows xy
where is the angular frequency of the applied ac currents.
The experimental results are analyzed in terms of a model generalized from that 10 for the dc Hall conductivity. This generalized model is based on the Drude approximation 18 in the flux-flow limit, and it assumes that the occurrence of sign reversal in the dc vortex-state Hall conductivity is the result of different carrier densities within and far away from the vortex core. We find that the temperature and frequency dependencies of our data, as well as the data taken at much higher frequencies ͑100-800 GHz͒, are in good agreement with this phenomenological model. In addition, the magnetic-field ͑B͒ dependence of the complex Hall conductivity data is consistent with contributions from both the core 10 and generalize the dc formalism to complex Hall conductivity under the Drude approximation. Section III is a description of the broad-band direct transport measurement techniques for the complex Hall conductivity. In Sec. IV, the experimental results are presented and compared with the predictions of our model. Section V consists of a discussion of the physical significance of our data, and compares our results with related literature. Finally, a summary of the key findings of this work is given in Sec. VI.
II. FLUX-FLOW VORTEX-STATE HALL CONDUCTIVITY IN THE DRUDE APPROXIMATION

A. dc Hall conductivity
The starting point of our approach is a phenomenological description for the dc vortex-state Hall conductivity by Feigel'man, Geshkenbein, Larkin, and Vinokur ͑FGLV͒.
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The FGLV model assumes two primary contributions to the vortex-state Hall conductivity. One is the vortex Hall conductivity ( xy v ), the other is the quasiparticle contribution ( xy q ). The sign of xy q is the same as that of the normal state and is linearly proportional to the magnetic induction B, whereas xy v arises from the electron-hole asymmetry 15 and is dependent on details of the density of states. 14, 15 It is believed that the vortex contribution xy v is responsible for the observed sign reversal in the Hall conductivity of various type-II superconductors. Assuming the BCS Hamiltonian, van Otterlo et al. 11 have shown that xy v may be interpreted as the vortex-charging effect that arises from the difference in the carrier density within the vortex core and that far outside of the vortex core, and this difference yields a sign change in the vortex- 
where xy v is the vortex contribution consisting of effects of the bound-state quasiparticles within the vortex cores and the vortex-charging effect, and xy q is the contribution from all other quasiparticles. Here n denotes the total carrier density, ␦n(ϵn 0 Ϫn ϱ ) is the difference between the carrier density within the vortex core (n 0 ) and that far outside the vortex core (n ϱ ), and ␦n satisfies the conditions ␦nӶn(Ϸn 0 Ϸn ϱ ), ␦n→const for T→0 and ␦n→0 for T→T c Ϫ ; ប 0 ϭ⌬ 0 2 /E F is the energy level of the vortex bound state for an s-wave superconductor with a finite-energy gap ⌬ 0 ;
19 c ϵ(eB/m*) is the cyclotron frequency of normal carriers; g is a function dependent on the ratio of ͓⌬ 0 /(k B T)͔ϵx, which satisfies the conditions g(xӷ1)→1 and g(x→0) Ϸx. 10 In the event that ␦nϾ0, sign reversal in xy can take place as the temperature is varied. 10, 11 We note that except for the term associated with the nonuniform spatial distribution of the carriers, (␦n/n), the FGLV model in Eq. ͑1͒ is essentially based on the Drude approximation, which assumes one characteristic time for both quasiparticles outside the vortex cores and bound-state quasiparticles inside the vortex cores. It is implicitly understood that is a strong function of the temperature, and that the temperature dependence of in the superconducting state is expected to be different from that in the normal state. We also note that the FGLV formalism is only applicable to isotropic superconductors. However, Eq. ͑1͒ can be easily generalized for anisotropic superconductors 12 by performing the anisotropicto-isotropic scaling transformation. 6, 20 When examining the term ͓Ϫ(ne/B)(␦n/n)͔ϵ␦ xy in Eq. ͑1͒ more closely, we remark that this contribution due to the vortex-charging effect implicitly assumes a very long relaxation time ϱ associated with ␦n, such that c ϱ ӷ1 for finite magnetic fields in the superconducting state. This assumption implies that the charge imbalance associated with the presence of vortices is long-lived relative to all other relevant time scales in the vortex state, so that its contribution to the Hall conductivity is analogous to that of the freeelectron gas. Hence, we may rewrite ␦ xy in terms of the following approximation:
where 0 ϵ(ne 2 /m*) is the normal-state dc conductivity in the Drude approximation. The above clarification is useful for us to generalize the FGLV model from dc to finite frequencies, as discussed below.
B. Complex Hall conductivity
Before extending the FGLV formula to finite frequencies in the Drude approximation, we first review the equation of motion for a charge carrier in the normal state for magnetic field ͑B͒ parallel to the ẑ axis: dp dt
where pϭp x x ϩ p y ŷ denotes the momentum of carriers, E ϭE x x ϩE y ŷ is the electric field, and is the transport relaxation time. Assuming linear response so that dp/dt ϭϪip, where is the angular frequency of the applied ac currents, the normal-state complex longitudinal and Hall conductivities may be derived from the equation of motion. We find that
For the superconducting state, we assume the flux-flow limit where the effects of pinning can be neglected. We argue that this assumption is justified in the derivation of the vortex-state Hall conductivity, because it has been verified both experimentally 8, 12 and theoretically 4 that pinning effects on vortices do not influence the vortex-state Hall conductivity. Taking the linear-response limit and assuming two contributions xy v and xy q as in Eq. ͑1͒, and noting that the characteristic frequency 0 of the bound-state quasiparticles is associated with an effective magnetic field H c2 rather than B ͓such that 0 ϵ⌬ 0 2 /(បE F )ϳeH c2 /m*͔, the complex longitudinal and Hall conductivities may be derived from the equation of motion. We obtain
ͮ . ͑4b͒
We note that both xx and xy have been given for the sake of consistency, although we are primarily interested in the complex Hall conductivity rather than the longitudinal conductivity, and that only xy is independent of pinning defects in the superconductor. Furthermore, in Eq. ͑4a͒ we have assumed xx v ϰg(H c2 /B) 0 ϳg( 0 / c ) 0 to ensure that the longitudinal conductivity is consistent with the flux-flow conductivity. We also note that in the dc limit (→0) and for c ϱ ӷ1, xy recovers the expression in Eq. ͑1͒.
To verify the validity of our approach, it is interesting to compare xx (ϭ xx Ј Ϫi xx Љ ) in the zero-magnetic field with that in the vortex state. That is, the quantity g(H c2 /B) in the flux-flow limit may be replaced by the superfluid fraction (n s /n) for B→0, such that in the low-temperature and highfrequency limit where g→1 and ӷ 0 ӷ1, we obtain
consistent with the Mattis-Bardeen theory. 21 On the other hand, for TϾT c and Bϭ0, the superfluid fraction vanishes, and Eq. ͑4a͒ recovers the Drude conductivity for normal metals, xx ()ϭ 0 /(1Ϫi). Recasting xx into complex resistivity xx and taking 0 ϵ(1/ 0 ), we obtain
͑for both TӶT c and TӷT c ͒. ͑6͒
We shall show in the next section that the above approach is indeed in good agreement with our experimental observation at radio frequencies, and in the high-frequency limit is also consistent with the experimental data taken with the coherent time-domain spectroscopy. 
III. EXPERIMENT
There have been limited direct ac transport measurements of superconductors in the radio frequency ͑rf͒ range, largely due to difficulties in resolving small impedance of the superconductor from a large background of parasitic impedances and noises that are associated with the electronic instruments and cables. Recently, several direct ac longitudinal impedance measurements of high-temperature superconductors have been reported in the literature, [25] [26] [27] [28] [29] and these experiments focused on critical scaling analysis of the vortex phase transitions associated with different types of controlled disorder. To the best of our knowledge, there has not been any report of direct transport measurements of the complex Hall conductivity at rf frequencies, possibly because the Hall angle in high-temperature superconductors is small, so that the signals of Hall impedance are orders of magnitude smaller than those of the longitudinal impedance, making the signal of the Hall impedance very difficult to resolve. In this work, we extend our previous ac measurement techniques for the longitudinal conductivity [25] [26] [27] [28] [29] [30] to the Hall effect studies. 31 In a superconductor with uniaxial symmetry along the ẑ axis, the Hall conductivity for the magnetic field parallel to ẑ is determined by the longitudinal and Hall resistivities, xx and xy , according to the following formula:
where xy (H)ϭϪ yx (H) is satisfied through the Onsager relations, 32 and xx ϭ yy as measured after the van der Pauw corrections. 33 Hence, both the complex xx and xy must be determined in order to obtain the complex Hall conductivity. In this work, we restrict our measurements to temperatures where both xx and xy are independent of the applied currents, because the van der Pauw corrections are only valid in the linear response limit, 33 and because large errors in the low-temperature xy data are likely to occur due to the rapidly vanishing xx and xy . 12 We describe in the following our experimental approaches for obtaining the complex components of xx and xy . We note that xx and xy respond differently to the reversal of magnetic field, so that different calibration procedures are employed to obtain these components.
To obtain the ac resistivity xx , we use similar experimental setup and calibration procedure developed previously, [25] [26] [27] [28] [29] [30] with minor modifications in the electronic components 31 to improve the signal-to-noise ratio and to extend the measurement frequency range from previous 100 Hz-2 MHz to 100 Hz-7 MHz. The ac impedance is measured using the four-point technique, and the signal is first amplified with a low-noise, 42 dB-gain preamplifier, and then measured using an HP 4194A Impedance/Gain-Phase Analyzer. The ac current is supplied by an ac voltage from the HP 4194A analyzer through a noninductive load resistor R L ϭ1 k⍀, and the condition R L ӷZ s ͑Z s being the sample impedance͒ is satisfied for the entire experimental frequency range, to ensure a constant amplitude for the applied current. All measurements are performed in the linear-response region, so that there is no variation of the impedance signal as a function of the applied current. More details of the experimental setup are given in Refs. 30 and 31.
To deconvolve the sample impedance Z s from the measured signal Z meas over a broad frequency range, careful calibrations must be made in order to remove the background distortion. The measured impedance Z meas may be expressed in terms of a general form:
where G( f ) is the amplitude of the total gain, and ( f ) is the phase shift due to uncompensated cable length and phase distortion of the preamplifier, which is only dependent on the experimental setup rather than the sample, and Z back is the complex background impedance. For the frequency range of our experiment, it is reasonable to assume that the sample impedance at TӷT c is completely resistive, and that Z s ϷR s ӷZ back , where R s is the normal-state resistance of the sample. Hence,
Knowing R s from the dc transport measurements, both G( f ) and ( f ) can be determined by measuring the phase and amplitude of Z meas (TӷT c ). 30 We note that both G( f ) and ( f ) are independent of either the temperature or the sample, because the total gain G( f ) is primarily determined by the gain of the preamplifier as well as contributions from the end-to-end losses of the measurement system and impedance mismatch, and the phase ( f ) is also associated with the phase distortion of the experimental setup, as mentioned earlier.
Similarly, it is reasonable to assume that Z back is independent of the temperature of the sample, because Z back includes parasitic capacitance and inductance of the measurement system, which is not a sensitive function of the sample temperature. Therefore, by measuring a short in the place of a superconductor, we have Z meas ϷZ back G( f )e i( f ) , and Z back can be determined by using the calibrated G( f ) and ( f ). Thus, the longitudinal impedance Z s and therefore the longitudinal complex conductivity xx ( f ) for frequencies from 100-10 7 Hz can be obtained from the above calibration procedure.
In the case of Hall conductivity measurements, the calibration for the Hall impedance is more straightforward than that for the ac longitudinal impedance, because most parasitic background signals are invariant under the reversal of the applied magnetic field. Assuming that the net Hall signal is Z s, Hall , we may express the measured signal Z meas, Hall as follows:
where Z back, Hall is a complex background signal that includes not only the parasitic impedances of the experimental setup, but also contributions from the longitudinal impedance due to possible misalignment of the electrical contacts. In general, Z back, Hall is invariant under the reversal of the applied magnetic field. Therefore, we may remove Z back, Hall by performing measurements under both ϩH and ϪH, and obtain Z meas, Hall, corr ϵ͓Z meas, Hall ͑ H ͒ϪZ meas, Hall ͑ ϪH ͔͒/2
Knowing G( f ) and ( f ) from the calibration procedure for the longitudinal impedance, we obtain Z s, Hall as a function of T, H, and f. The above calibration procedure has been applied to measurements of an expitaxial YBa 2 Cu 3 O 7Ϫ␦ thin film on LaAlO 3 ͑100͒ substrate, and the dimensions of this twinned sample are 6 mmϫ6 mmϫ0.25 m. The standard procedure for preparing these YBa 2 Cu 3 O 7Ϫ␦ epitaxial films is as follows: The films were fabricated using the pulsed-laser deposition technique under 400-mTorr oxygen vapor pressure, with the substrate temperature during the deposition at 800°C. After deposition, samples were slowly cooled to room temperature in 500 Torr of oxygen. More information about the fabrication and characterization of these YBa 2 Cu 3 O 7Ϫ␦ epitaxial films are detailed in Ref. 34 . In this work, the frequency range of the ac longitudinal and Hall impedance measurements was from 10 2 Hz to 7ϫ10 6 Hz, the temperature range from Tϭ80.0 to 100.0 K, and all measurements were performed at constant magnetic fields of H ϭ0, 1, 2, 3, 4, and 5 T, oriented along the sample c axis. The applied current was always perpendicular to the magnetic field. The superconducting transition temperature T c determined from dc resistive measurement for these films was typically between 87.5-89.5 K. In the following, results on a representative epitaxial film are shown, with T c Ϸ88.2 K, a transition width ⌬T c Ϸ0.6 K, and a normal-state resistivity xx Ϸ100 ⍀ cm just above T c .
IV. RESULTS AND ANALYSIS
Following the calibration procedures outlined above, we obtain the frequency dependence of the real and imaginary parts of the longitudinal and Hall resistivity at various temperatures and fields, as exemplified in Figs. 1͑a͒ and 1͑b͒ spectroscopy studies of the vortex-state complex Hall conductivity at high frequencies ͑from 100 to 800 GHz͒ have attributed the vortex-state Hall effect solely to the nonlocalized quasiparticle contribution. 7 As stated in Sec. II, this assumption would imply ( xy
Ϸ2 c 2 ϰB for ӷ c , which is different from the observed magnetic-field dependence of our xy data for frequencies up to 10 7 Hz. On the other hand, if we take into account the vortex contribution in the Hall conductivity, in the sign-reversal regime, where c Ӷ1, 0 Ӷ1, and g →0, we find
͑9͒
where c 1 , c 2 , d 1 , and d 2 are positive coefficients. Fitting the xy Ј vs B data for (T/T c )Ϸ0.97 in Fig. 5͑a͒ using Eq. ͑9͒, we obtain c 2 ϵne
, where m* is the effective mass of the carriers. Using ϳ0.3ϫ10 Ϫ13 s determined from the dc Hall conductivity measurements at (T/T c )ϳ0.97, 12 we have the total carrier density nϷ2.5ϫ10 20 (m*/m e ) 2 cm
Ϫ3
. For (m*/m e )Ϸ4 in the case of YBa 2 Cu 3 O 7Ϫ␦ , 13, 22 we obtain nϷ4 ϫ10 21 cm
, which is a reasonable value for YBa 2 Cu 3 O 7 . Furthermore, using the fitting parameter c 1 ϵ(ne)(␦n/n)
Ϫ5 , which is of the same order of magnitude as the theoretical estimate of (␦n/n)ϳ͓⌬ 0 (T)/E F ͔ 2 , 10 as-
10,12 and ⌬ 0 Ϸ19 meV is the average superconducting gap of YBa 2 Cu 3 O 7Ϫ␦ . 35 On the other hand, we note that similar fitting to the imaginary part of the Hall conductivity xy
ϳ10 Ϫ2 , which is much larger than the theoretical prediction of ͉ xy
Ϫ6 for f ϭ1 MHz. This discrepancy may be due to the incorrect assumption of s-wave pairing symmetry in YBa 2 Cu 3 O 7Ϫ␦ , as discussed in the next section.
V. DISCUSSION
We have shown in the previous section that the magneticfield dependence of our experimental data manifest both con- tributions from quasiparticles and vortices to the vortex-state Hall conductivity. In addition, the temperature and frequency dependence of the complex Hall conductivity is found to be consistent with our generalized FGLV model. Quantitatively, we also note that the real part of the Hall conductivity, xy Ј , is in good agreement with the dc Hall conductivity data at radio frequencies. On the other hand, the magnitude of the imaginary part of the Hall conductivity, xy Љ , is found to be much larger than the prediction based on the simple approximation outlined above.
One plausible explanation for this discrepancy is that the FGLV model does not consider the relevance of d-wave pairing symmetry in hole-type high-temperature superconductors, and therefore cannot account for the electronic structures correctly in the xy v term. More specifically, it has been shown that for an infinite-size sample, a pure d x 2 Ϫy 2 pairing symmetry prohibits any true bound state for quasiparticles around a vortex, 16 in sharp contrast to a large number of bound states in conventional s-wave superconductors. 14, 15, 19 Consequently, the semiclassical approximation in Eq. ͑4b͒, which assumes an isotropic gap ⌬ 0 ӶE F , 19 must be modified in the case of pure d-wave pairing symmetry. On the other hand, we note that a small out-of-phase mixed symmetry finite even in the vortex state of pure d-wave superconductors. More experimental and theoretical work is clearly needed to consistently correlate the doping level and pairing symmetry with the vortex-charging effect. Finally, we compare our rf results with the higherfrequency Hall conductivity data reported previously. 7 We note that previous high-frequency measurements were performed in one magnetic field, 6 T, and were analyzed in terms of a simple two-fluid model without including the vortex contribution. As detailed in previous sections of this paper, the vortex contribution can be best manifested by studying the magnetic-field dependence of the Hall conductivity, particularly in the low-field limit. That is, ͉ xy v ͉ϰB Ϫ1 while xy q ϰB, so that the magnitude of xy v diverges in the lowfield limit 2 and has an opposite sign to xy q in the vortex state. Hence, the vortex contribution to xy cannot be manifested by simply considering the temperature and frequency dependence of xy . For the sake of completeness, we examine in the following whether our generalized FGLV model in Eq. ͑4b͒ may be consistent with the temperature and frequency dependence of the high-frequency data reported in Ref. 7 . Using the parameters given in Ref. 7 , where varies from ϳ10 Ϫ13 s near T c to ϳ10 Ϫ12 s at TӶT c , and c ϭ40 GHz, we find ( c ) 2 Շ( 0 ) 2 Ͻ1 for the frequency range of 100-800 GHz, and ()ϳ1, varying from greater to smaller than 1 with increasing temperature. We may further neglect the term associated with (␦n/n) in Eq. ͑4b͒ at high frequencies, because it is insignificant relative to other terms except near T c . Hence, Eq. ͑4b͒ is reduced into the following simple expression: Thus, for a given frequency, the magnitude of both xy Ј and xy Љ reaches a maximum if ϳ1. Since (T) decreases with increasing temperature and (T pk )ϳ Ϫ1 , the temperature T pk at which ͉ xy ͉ reaches maximum is expected to increase with increasing frequency according to Eq. ͑10͒. Furthermore, Eq. ͑10͒ predicts that the magnitude of xy Љ becomes comparable to that of xy Ј under the experimental conditions given in Ref. 7 , consistent with the experimental data. 7 We therefore conclude that the phenomenological expression given in Eq. ͑4b͒ for the complex vortex-state Hall conductivity contains most of the essential components, although full account for the quantitative details still awaits complete theoretical studies.
VI. SUMMARY
In summary, we have investigated the complex Hall conductivity of YBa 2 Cu 3 O 7 epitaxial films at frequencies from 100 Hz to 7 MHz using a direct transport measurement technique. An expression for the complex Hall conductivity in the flux-flow limit has been derived by generalizing the FGLV model for dc vortex-state Hall conductivity. We find that the qualitative behavior of the complex Hall conductivity data, including the dependence on temperature, frequency, and magnetic field, can be described consistently with this generalized model. Furthermore, quantitatively, the real part of the complex Hall conductivity recovers the dc Hall conductivity in the low-frequency limit, and the carrier density n and the magnitude of the vortex charging effect (␦n/n), derived from fitting xy Ј data with our model, are found to be consistent with the known properties of YBa 2 Cu 3 O 7 . In addition, in the high-frequency limit, our phenomenological model can also account for the temperature and frequency dependence of the coherent time-domain spectroscopy data taken at 100-800 GHz. On the other hand, the magnitude of the imaginary part of the Hall conductivity ( xy Љ ) at rf frequencies appears to be significantly larger than the prediction of our model. This discrepancy may be attributed to the unconventional electronic structures within the vortex core of cuprate superconductors with d-wave or mixed-pairing symmetries. Further theoretical investigation that explicitly incorporates the correct pairing symmetry and the electronic structures within the vortex state will be needed to account for all aspects of the vortex-state Hall conductivity.
